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A NEW PROOF OF RAYNAUD-GRUSON’S FLATTENING THEOREM
QUENTIN GUIGNARD
Abstract. We give a new proof of Raynaud-Gruson’s theorem regarding flattening by blow-
ups. The proof is direct, by working directly on the inverse limit of admissible blow-ups, which
is a valuative space similar to the classical Zariski-Riemann space. These valuative spaces are
defined in a broader context and always have an analogous flattening property; this yields a
generalization of Raynaud-Gruson’s theorem.
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1. Introduction
In Raynaud’s approach to rigid geometry, the category of quasi-compact quasi-separated rigid
spaces over a completely valued field K of rank 1 is defined as the localization with respect to
“admissible blow-ups” of the category of finitely presented formal schemes over the ring of integers
R ⊆ K (cf. [Ray74]). It has been known since then that a flat morphism of quasi-compact
quasi-separated rigid spaces over K can be represented by a flat morphism between appropriate
R-models. A precise statement and a proof can be found in ([BL93], 5.2) or ([Abb10], 5.8.1). The
schematic version of this flattening theorem had been previously proved by Raynaud and Gruson
in 1971:
Theorem 1.1 (([SP] 0815), cp. ([RG71] I.5.2.2)). Let Y be a scheme of finite presentation over
a quasi-compact and quasi-separated scheme X, let U be a quasi-compact open subset of X and let
F be a quasi-coherent OY -module of finite type. Assume that the restriction of F to Y ×X U is a
finitely presented OY×XU -module which is flat over U . Then there exists a blow-up f : X
′ → X
such that:
(1) The center of the blow-up f is a finitely presented closed subscheme of X, disjoint from U .
(2) If Y ′ is the strict transform of the X-scheme Y along f , then the strict transform F ′ of F
along f is finitely presented over OY ′ and flat over X ′.
Here, by “strict transform” we mean the following: if Z is the exceptional Cartier divisor of the
blow-up f , then Y ′ is the closed subscheme of X ′ ×X Y defined by the vanishing of the quasi-
coherent ideal of sections supported on Z ×X Y . Similarly, the strict transform F ′ of F along f is
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the pullback to Y ′ of the quotient of F ⊗OY OX′×XY by the submodule of its sections supported
on Z ×X Y .
Our proof of Raynaud-Gruson’s theorem proceeds in two steps.We first consider the (filtered)
limit
X˜ = lim
X′→X
X ′
of all blow-ups as allowed in the statement of the theorem. This is not a scheme, but a ringed space
which we identify to a valuative space 4.13. These valuative spaces are constructed and studied
in greater generality in Section 4, using the langage of “rings with constructible supports”, whose
set-up is the purpose of Sections 2 and 3. We obtain in this broader context a more general version
of Raynaud-Gruson’s theorem, namely Theorem 5.9, which implies that a variant of the conclusion
of Theorem 1.1 holds over X˜ (cf. Section 5). The second and last step consists in descending the
properties shown to hold on the limit X˜ to some blow-up (cf. Section 6). We now give a more
detailed description of the content of this text.
In Section 2, we define the notion of “rings with constructible supports” or “Φ-rings” (cf. 2.3)
and we consider their basic properties. We include a few sorites on the notion of depth (cf. 2.13
and 2.26), and give an interpretation of the closure and purification functors from ([EGA4], 5.9,
5.10) as adjoint functors, cf. 2.31 and 2.32. We conclude Section 2 with the definition and the
study of the notion of “Φ-local” Φ-rings.
Section 3 is devoted to the definition of sheaves of Φ-rings and to their basic properties. It is
noticed there that the notion of Φ-ring is well-defined in any topos, cf. 3.5, and that the notions
and properties from Section 2 extend to this broader context.
In Section 4, to any locally Φ-ringed topological space X we associate a valuative space X˜,
which is itself a locally Φ-ringed topological space, endowed with a morphism X˜ → X , cf. 4.1, 4.3
and 4.5. We call this valuative space the “Φ-localization” of X . It is actually a Φ-locally Φ-ringed
topological space, and the morphism X˜ → X is universal for this property, cf. 4.10. We then
consider the context of Theorem 1.1, in which we endow the base scheme X with a structure of
locally Φ-ringed topological space; we show that the valuative space associated to X coincides with
the limit of all blow-ups as allowed in Theorem 1.1, cf. 4.13.
In Section 5, Φ-localizations are shown to have a flattening property, cf. 5.8 and 5.9. The main
argument is purely local, cf. 5.2, and rests upon the equational criterion for flatness. Theorem 1.1
is then deduced from 5.9 in Section 6.
Ahmed Abbes has brought to our attention during the preparation of this text that a proof
of Raynaud-Gruson’s theorem similar to ours has been announced by Kazuhiro Fujiwara and
Fumiharu Kato in [FK06]. Besides the sketch given in ([FK06] 5.6), their proof does not seem to
have appeared in print. We notice that our treatment of the local case, namely 5.2 and 5.3, seems
to differ from theirs.
Acknowledgements. This work is part of the author’s PhD dissertation and it was prepared at
the Institut des Hautes Études Scientifiques and the École Normale Supérieure while the author
benefited from their hospitality and support. The author is indebted to Ahmed Abbes and the
anonymous referee for their thorough review of this text and for their numerous suggestions and
remarks. Further thanks go to Lucia Mocz, Christophe Soulé and Salim Tayou for their review
of an earlier version of this text, and to Fu Lei and Fabrice Orgogozo for several corrections and
remarks.
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2. Rings with constructible supports
2.1. Let A be a ring. A family of constructible supports on A is a set Φ of finitely generated
ideals of A which satisfies the following two properties:
(1) Φ is stable under finite products of ideals. In particular the unit ideal belongs to Φ.
(2) If a finitely generated ideal I of A contains an element of Φ, then I is itself in Φ.
Examples 2.2. (i) Given an arbitrary set Φ0 of ideals of A, the family of constructible
supports generated by Φ0 is the set of finitely generated ideals of A which contain a
finite product of elements of Φ0. If Φ0 consists only of finitely generated ideals, then this
family of constructible supports is the smallest one containing Φ0.
(ii) If A is a preadmissible topological ring in the sense of ([EGA1] 0.7.1.2), i.e. a linearly
topologized ring with an ideal of definition (an open ideal I of A such that any neigh-
bourhood of 0 in A contains IN for some integer N), then one can consider the family of
constructible supports generated by all the ideals of definition. This family of constructible
supports consists precisely of the finitely generated open ideals of A whenever A is preadic
in the sense of ([EGA1] 0.7.1.9), i.e. when A has an ideal of definition I such that IN is
open in A for any integer N .
2.3. The category ΦRings of rings with constructible supports or Φ-rings is defined as
follows:
⊲ Its objects are the pairs (A,ΦA) consisting of a ringA and a family of constructible supports
ΦA on A (cf. 2.1). An ideal of A is said to be admissible if it belongs to ΦA.
⊲ Its morphisms are the ring homomorphisms f : A→ B such that for any admissible ideal
I of A, the ideal f(I)B of B is admissible.
From now on, we commit the abuse of notation where we use the same name for a ring with
constructible supports and for its underlying ring, just as it is customary to use the same symbol
for a ring and for its underlying set.
Proposition 2.4. The category ΦRings is complete and cocomplete, and the forgetful functor from
ΦRings to the category of rings preserve all small limits and colimits.
Indeed let us consider a functor F from a small category J to ΦRings. Let us endow the ring
limF with the family of constructible supports which consists of all the finitely generated ideals
I such that IF (j) is admissible in F (j) for all j. The resulting ring with supports is a limit of F
in ΦRings. Moreover if colim F is endowed with the family of constructible supports generated in
the sense of 2.2 (i) by all the ideals generated by an admissible ideal of F (j) for some j, then the
resulting ring with supports is a colimit of F in ΦRings.
Proposition 2.5. The forgetful functor from ΦRings to the category of rings has both a left adjoint
and a right adjoint.
Indeed the functor which endows a ring A with the family of constructible supports consisting
only of the unit ideal is a left adjoint to the forgetful functor, while the functor which endows a
ring A with the family of constructible supports consisting of all of its finitely generated ideals is
a right adjoint to the forgetful functor.
Remark 2.6. Let f : A → B be a ring homomorphism between preadic topological rings in
the sense of ([EGA1] 0.7.1.9). Let us endow A and B with the family of constructible supports
consisting of all their finitely generated open ideals as in Example 2.2 (ii), and let us assume that
A has a finitely generated ideal of definition. Then f yields a morphism of ΦRings if and only
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if the topology on B is finer that the topology induced by that of A. In particular f may be a
morphism of ΦRings without being continuous.
2.7. A family of supports on a topological space X is a set Φ of closed subsets of X which
satisfies the following two properties:
(1) Φ is stable under finite unions. In particular the empty set belongs to Φ.
(2) If a closed subset of Z of X is contained in an element of Φ, then Z is itself in Φ.
This definition is taken from ([God73] II.2.5), besides the fact that we require a family of supports
to be nonempty.1 The notion of family of supports was introduced in [Car51], but additional
conditions on Φ were required, e.g. paracompactness of its elements.
Example 2.8. Given an arbitrary set Φ0 of closed subsets of X , the set of closed subsets of X
which are contained in a finite union of elements of Φ0 is a family of supports on X . It is the
family of supports generated by Φ0, i.e. the smallest family of supports on X containing Φ0
2.9. If Φ is a family of constructible supports on a ring A in the sense of 2.3, then the set of
closed subsets Z ⊆ X contained in V (I) for some I ∈ Φ is a family of supports on Spec(A) which
is generated (cf. 2.8) by its globally constructible elements ([EGA1], 0.2.3.2). Conversely, if Φ is
a family of supports on Spec(A) generated by its globally constructible elements then the set of
finitely generated ideals I such that V (I) belongs to Φ is a family of constructible supports on A.
These two constructions are inverse to each other. Indeed if J is a finitely generated ideal such
that V (J) ⊆ V (I) for some admissible ideal I = (f1, . . . , fr), then fNii belongs to J for some integer
Ni. For N =
∑
iNi this yields I
N ⊆ J , so that J is admissible. On the other hand, if we start
from a family of supports Φ on Spec(A) generated by its globally constructible elements, then for
any globally constructible element Z of Φ, the complement of Z is a globally constructible open
subset of Spec(A), hence is quasi-compact, so that it is a finite union of standard open subsets
(D(fi))1≤i≤r . Thus Z = V (I) where I is the ideal generated by (fi)1≤i≤r.
2.10. Let X be a topological space and let Φ be a family of supports (cf. 2.7). Let us consider
as in ([God73] II.2.5) the functor ΓΦ(X,−) which to a sheaf of abelian groups F on X associates
the abelian group
ΓΦ(X,F) = {s ∈ Γ(X,F) | supp(s) ∈ Φ}.
It is a left exact additive functor between abelian categories, and its source has enough injectives
([God73] 7.1.1). Consequently, it has right derived functors ([God73] 7.2), which are denoted by
HqΦ(X,F). When Φ is the set of closed subsets of a given closed set Z, these groups are also
denoted by HqZ(X,F).
Proposition 2.11. For any sheaf of abelian groups F on X, one has
HqΦ(X,F)
∼= colim H
q
Z(X,F),
where the (filtered) colimit runs over elements Z of Φ.
Indeed, if F → J • is an injective resolution of F , then ΓΦ(X,J •) is the (cofiltered) colimit of
the complexes of abelian groups ΓZ(X,J •) when Z runs over elements of Φ. Since filtered colimits
are exact, taking cohomology groups of these complexes yields 2.11.
Proposition 2.12. Let Z and Z ′ be closed subsets of X, and let F be a sheaf of abelian groups
on X.
1It is indeed mistakenly asserted in ([God73] II.2.5) that for a family of supports Φ in the sense defined there and
for a sheaf of abelian groups on X, the set of global sections of this sheaf with supports in Φ is an abelian group.
This requires Φ to contain the support of the zero section, hence to be nonempty.
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(a) There exists a long exact sequence
· · · → HqZ∩Z′(X,F)→ H
q
Z(X,F)⊕H
q
Z′(X,F)→ H
q
Z∪Z′(X,F)→ H
q+1
Z∩Z′(X,F)→ · · ·
(b) Let U = X \ Z. There exists a long exact sequence
· · · → HqZ∩Z′(X,F)→ H
q
Z′(X,F)→ H
q
Z′∩U
(
U,F|U
)
→ Hq+1Z∩Z′(X,F)→ · · ·
Let F → J • be a flasque resolution ([KS90] II.2.4.6vi). Part (a) follows from the exactness of
the sequence of complexes
0→ ΓZ∩Z′(X,J
•)→ ΓZ(X,J
•)⊕ ΓZ′(X,J
•)→ ΓZ∪Z′(X,J
•)→ 0,
while part (b) follows from the exactness of the sequence of complexes
0→ ΓZ∩Z′(X,J
•)→ ΓZ′(X,J
•)→ ΓZ′∩U (U,J
•
|U )→ 0.
Alternatively, part (b) is an instance of ([SGA2] 2.2.8, 2.2.2).
2.13. Let A be a Φ-ring (cf. 2.3), and let ΦA be the corresponding family of supports on X =
Spec(A) as in 2.7. If M is an A-module, corresponding to the quasi-coherent sheaf M˜ on X , then
we set
HqI (M) = H
q
V (I)(X, M˜) and H
q
ΦA
(M) = HqΦA(X, M˜).
Definition 2.14. Let d ≥ 0 be an integer. A module M over the Φ-ring A is said to be d-deep if
HqΦA(M) vanishes for each integer q < d.
Remark 2.15. Assume that A is noetherian, that its family of constructible supports is generated
by a single ideal I, and that M is finitely generated. The I-depth of M in the sense of ([SGA2]
III.2.3) is at least d if and only if M is d-deep in the sense of the definition 2.14. This follows from
([SGA2] III.3.1, III.3.3).
Lemma 2.16. Let d ≥ 0 be an integer. Let I be a finitely generated ideal of a ring A, and let
M be an A-module such that HqI (M) = 0 for any q < d. Then for any finitely generated ideal J
containing I, we have HqJ (M) = 0 for any q < d, and the canonical morphism H
d
J(M)→ H
d
I (M)
is injective.
By induction on the number of generators of J , one can assume that J = (I, g) for some element
g. One then applies 2.12 (b) to Z = V (g) and Z ′ = V (I), so that U = D(g). The resulting long
exact sequence takes the form
· · · → HqJ(M)→ H
q
I (M)→ H
q
I
(
M [g−1]
)
→ Hq+1J (M)→ · · · .
By ([SGA2] II.2) and by the hypothesis, one has
HqI
(
M [g−1]
)
∼= H
q
I (M) [g
−1] ∼= 0
for q < d. This proves the injectivity of HqJ(M)→ H
q
I (M) for q ≤ d and concludes the proof.
Proposition 2.17. Let A be a Φ-ring and let M be a d-deep A-module. Then HqI (M) = 0 for any
admissible ideal I and any q < d.
We prove Proposition 2.17 by induction on d, the case d = 0 being tautological. We are thus
led to assume that d ≥ 1 and that the result has been proved for (d − 1)-deep modules. By 2.11
one has
HqΦA(M)
∼= colim H
q
I (M),
where I runs over the admissible ideals of A. It is therefore sufficient to prove that for any pair
I ⊆ J of admissible ideals and for any q < d the homomorphism HqJ(M) → H
q
I (M) is injective.
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The latter fact follows from Lemma 2.16, since HqI (M) = 0 for q < d − 1 and for any admissible
ideal I of A.
Corollary 2.18. Let A be a Φ-ring and let Φ0 be a set of finitely generated ideals of A generating
the family of constructible supports of A as in 2.2(i). An A-module M is d-deep if and only if
HqI (M) = 0 for any I in Φ0 and any q < d.
The forward direction follows from 2.17. For the converse we proceed by induction on d, the
case d = 0 being tautological. We first note that HqI (M) = 0 for any q < d whenever I is a finite
product of elements of Φ0. Indeed, if I and I ′ satisfy H
q
I (M) = H
q
I′(M) = 0 for any q < d, then
by 2.12(a) we have an exact sequence
0→ HqII′(M)→ H
q+1
I+I′(M)→ H
q+1
I (M)⊕H
q+1
I′ (M),
for any q < d. Since the canonical homomorphism Hq+1I+I′(M)→ H
q+1
I (M) is injective by Lemma
2.16, we obtain the vanishing of HqII′(M) for any q < d.
Any admissible ideal J must contain an ideal I which is a finite product of elements of Φ0.
By Lemma 2.16, we obtain HqJ(M) = 0 for any admissible ideal J and any q < d. By 2.11 the
A-module M must be d-deep.
Proposition 2.19. Let M be a 1-deep A-module, and let I = (f1, . . . , fr) be an admissible ideal
of A. Then the homomorphism
HomA(I,M)→M
⊕r
sending an element ψ to (ψ(fi))1≤i≤r is injective, and its image consists of the r-uples (mi)1≤i≤r
such that fimj = fjmi for all i, j.
As I is generated by f1, . . . , fr, the injectivity is clear. In order to characterize the image, let us
consider a free A-module F of rank r with basis (ei)1≤i≤r and let G be its quotient by the relations
fiej − fjei. Consider the homomorphism G → I sending ei to fi, and let H be its kernel. The
exact sequence
0→ H → G→ I
yields the exact sequence
HomA(I,M)→ HomA(G,M)→ HomA(H,M)→ 0.
We thus have to show that HomA(H,M) vanishes. SinceM has no nonzero I-torsion, it is sufficient
to show that IH = 0. But if x =
∑
i aiei belongs to H then
fjx = fj
(∑
i
aiei
)
=
(∑
i
aifi
)
ej = 0
holds in G for any j, so that Ix = 0.
Proposition 2.20. Let M be an A-module. If I is an ideal of A generated by f1, . . . , fr, then
HqI (M) is isomorphic to the q-th cohomology group of the Čech complex
C•(M, f•) : 0→M →
∏
i
M
[
1
fi
]
→
∏
i<j
M
[
1
fifj
]
→ · · · →M
[
1
f1 . . . fr
]
→ 0
where M is in degree 0. This isomorphism is functorial in M .
This is ([SGA2] II.5).
A NEW PROOF OF RAYNAUD-GRUSON’S FLATTENING THEOREM 7
Remark 2.21. It follows from Proposition 2.20 that for any finitely generated ideal I of A, any
A-module M , and any flat ring homomorphism A→ A′, the base change homomorphism
HqI (M)⊗A A
′ → HqIA′(M ⊗A A
′)
is bijective for each integer q.
Corollary 2.22. Let f : A → B be a homomorphism of Φ-rings, an let M be a B-module. If M
is 1-deep (respectively, 2-deep) as a B-module, then it is so as an A-module. The converse holds
if the family of constructible supports of B is generated by that of A.
Indeed, it follows from Proposition 2.20 that for any admissible ideal I of A and any integer q,
we have
HqI (M)
∼= H
q
IB(M),
where M is considered as an A-module on the left hand side, and as a B-module on the right hand
side.
Corollary 2.23. An A-module M is 1-deep if and only if for any admissible ideal I of A, M has
no nonzero I-torsion.
Indeed by Proposition 2.20 (or by definition) the module H0I (M) consists of all m in M such
that fNii m = 0 for some integers (Ni)1≤i≤r . For N =
∑
iNi this gives I
Nm = 0, so that H0ΦA(M)
is the submodule of elements m in M such that Im = 0 for some admissible ideal I.
Corollary 2.24. An A-module M is 2-deep if and only if for any admissible ideal I of A, the
homomorphism
M → HomA(I,M)
which sends an element m to (x 7→ xm) is bijective.
Assume first thatM is 2-deep. The injectivity follows from 2.23, sinceM is also 1-deep. For the
surjectivity, let ψ be an element of HomA(I,M), for some admissible ideal I = (f1, . . . , fr). Then
(ψ(fi)f
−1
i )1≤i≤r is a 1-cycle in the Čech complex C
•(M, f•). SinceM is 2-deep, the moduleH1I (M)
vanishes by 2.17. By 2.20, the 1-cycle (ψ(fi)f−1i )1≤i≤r must be a 1-boundary, so that ψ(fi) = fim
in the localization ofM by fi, for some m in M . Thus fNii ψ(fi) = f
Ni+1
i m in M for some integers
Ni. For N = 1 +
∑
iNi and x in I
N one has ψ(x) = xm, so that xψ(y) = yψ(x) = xym for any y
in I. Since M has no nonzero IN -torsion this implies ψ(y) = ym, so that ψ is the image of m.
Conversely, assume that the homomorphim
M → HomA(I,M)
is bijective for any admissible ideal I. The injectivity yields that M is 1-deep by 2.23. Let
I = (f1, . . . , fr) be an admissible ideal. By 2.20 we have to show that any 1-cycle (mif−Nii )1≤i≤r
in the Čech complex C•(M, f•) is a 1-boundary. By increasing the integers Ni if necessary, one
can assume that fNii mj = f
Nj
j mi in M . For N =
∑
iNi and for any r-uple α = (α1, . . . , αr) of
nonnegative integers summing to N , the element mα = fα−Nieimi does not depend on the choice
of an index i such that αi ≥ Ni. Here fα = fα11 . . . f
αr
r and ei is the i-th basis vector. Since
fαmβ = f
βmα, one must have mα = fαm for some m by 2.19 and by the hypothesis applied to
IN . Thus our initial 1-cycle (mif−Nii )1≤i≤r is the boundary of m.
Corollary 2.25. Let Φ0 be a set of finitely generated ideals of A generating the family of con-
structible supports of A as in 2.2(i). An A-module M is 2-deep if and only if for any I in Φ0 the
homomorphism
M → HomA(I,M)
8 QUENTIN GUIGNARD
which sends an element m to (x 7→ xm) is bijective.
Assume indeed that the homomorphism
M → HomA(I,M)
is bijective for any I in Φ0. It follows that for any I in Φ0, M has no nonzero I-torsion. However,
if I and J are admissible ideal and if M has no nonzero I-torsion then
HomA(I,HomA(J,M)) ∼= HomA(IJ,M),
since the product homomorphism I ⊗A J → IJ has I-torsion kernel. From this one deduces that
the homomorphism
M → HomA(I,M)
is bijective whenever I is a product of element of Φ0. The proof of Corollary 2.24 then shows that
H1I (M) vanishes whenever I is a product of elements of Φ0. One concludes with Corollary 2.11.
2.26. In ([EGA4], 5.9, 5.10) the notions of “modules purs” and “modules clos” are introduced in
a noetherian setting. We define here the corresponding purification and closure functors in a more
general setting.
Definition 2.27. Let A be a Φ-ring and letM be an A-module. The purification ofM is defined
as the quotient
Mpur =M/H0ΦA(M).
If M is 1-deep (cf. 2.14), the closure of M is defined as the colimit
M⊳ = colim HomA(I,M),
where the colimit runs over all the admissible ideals of A. In general, we set M⊳ = (Mpur)⊳ (cf.
2.29 below).
Example 2.28. Let A be a valuation ring, and let us endow A with the family of supports
consisting of all the nonzero principal ideals of A. Then, for any A-module M , the purification
Mpur is the largest torsion-free quotient of M , while we have
M⊳ = S−1M,
where S = A \ {0}.
Proposition 2.29. Let A be a Φ-ring and let M be an A-module. Then Mpur is 1-deep and M⊳
is 2-deep.
The A-module Mpur is 1-deep by the characterization 2.23. In order to prove that M⊳ is 2-
deep, we can assume that M is 1-deep. Let J be an admissible ideal of A. By 2.19 the functor
HomA(J,−) coincides on 1-deep A-modules with HomA(G,−) for some finitely presented A-module
G. In particular it commutes with filtered colimits of 1-deep A-modules. Thus
HomA(J,M
⊳) ∼= colim HomA(J,HomA(I,M))
∼= colim HomA(I ⊗A J,M)
∼= colim HomA(IJ,M)
∼=M⊳.
The third identification above follows from the fact that the product map I⊗AJ → IJ has I-torsion
kernel (and J-torsion kernel as well). We conclude by Proposition 2.24 that M⊳ is 2-deep.
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Definition 2.30. The category ΦRings≥d is the full subcategory of ΦRings whose objects are the
Φ-rings which are d-deep as modules over themselves (cf. 2.14).
There is a fully faithful functor from the category of rings to the category of Φ-rings, which sends
a ring A to the Φ-ring whose underlying ring is A and whose only admissible ideal is the unit ideal.
The image of this fully faithful functor is the intersection over all integers d of the subcategories
ΦRings≥d of ΦRings. Indeed if for some ideal I = (f1, . . . , fr) the Čech complex C•(A, f•) of
Proposition 2.20 is exact then it is an exact complex of flat A-modules so that C•(A, f•)⊗AA/I =
A/I[0] is exact as well, and thus I = A.
Proposition 2.31. The purification functor
A 7→ Apur = A/H0ΦA(A)
from ΦRings to ΦRings≥1 yields a left adjoint to the canonical inclusion functor. Here A/H0ΦA(A)
is endowed with the family of constructible supports generated by that of A.
This follows from the characterization of 1-deep modules in 2.23.
Proposition 2.32. The closure functor
A 7→ A⊳ = colim HomA(I, A),
from ΦRings≥1 to ΦRings≥2 yields a left adjoint to the canonical inclusion functor. Here A⊳ is
endowed with the family of constructible supports generated by that of A.
Let A be an object of ΦRings≥1. We notice as above that for any pair I, J of admissible ideals,
the product map I ⊗A J → IJ has I-torsion kernel. This enables us to define an A-bilinear
morphism
HomA(I, A)×HomA(J,A)→ HomA(I ⊗A J,A) ∼= HomA(IJ,A),
which yields the A-algebra structure on A⊳. By Proposition 2.29, the A-module A⊳ is 2-deep.
By Corollary 2.22, we deduce that A⊳, when endowed with the family of constructible supports
generated by that of A, is also 2-deep as a module over itself. Using 2.24 and 2.19 again, one checks
that any Φ-ring morphism from A to a 2-deep Φ-ring B factors as an A-module homomorphism
through HomA(I, A) for any admissible ideal I, hence through A⊳. The resulting homomorphism
A⊳ → B of A-modules must be a Φ-ring morphism, and this shows that the morphism A→ A⊳ is
universal among Φ-ring morphisms from A to a 2-deep Φ-ring.
The composition of the functors of propositions 2.31 and 2.32 will still be denoted by A→ A⊳.
Definition 2.33. The category ΦRings+ of normal Φ-rings is the full subcategory of ΦRings
whose objects are the Φ-rings A such that the adjunction morphism
A→ A⊳
is injective, so that A can be considered as a subring of A⊳, and such that A is integrally closed
in A⊳: any element of A⊳ which is integral over A is required to lie in A.
In particular, any object of ΦRings≥2 is an object of ΦRings+, and any object of ΦRings+ is an
object in ΦRings≥1.
Proposition 2.34. The normalization functor which sends a Φ-ring A to the integral closure
A+ of A in its closure A⊳ yields a left adjoint to the canonical inclusion functor from ΦRings+ to
ΦRings. Here A+ is endowed with the family of constructible supports generated by that of A.
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Let f : A → B be a morphism in ΦRings such that B belongs to ΦRings+. This induces a
morphism A⊳ → B⊳ sending the image of A into B. Since B ⊆ B⊳ is an integrally closed subring,
the morphism A → B factors uniquely through A → A+, the integral closure of the image of A
in A⊳. Thus the morphism A → A+ is universal among Φ-ring morphisms from A to a normal
Φ-ring.
2.35. We now turn to the definition and study of the local objects in our category of Φ-rings.
Definition 2.36. A Φ-ring A is Φ-local if it is a local ring and if all of its admissible ideals are
invertible.
In ([Abb10] 1.9.1), these objects are called “prevaluative” rings, in the particular case where the
admissible ideals are the open finitely generated ideals for some adic topology.
Example 2.37. Let A be a valuation ring, and let us endow A with the family of supports
consisting of all the nonzero principal ideals of A. Then A is a Φ-local Φ-ring.
Remark 2.38. Let A be a Φ-local Φ-ring. The condition that any admissible ideal of A is invertible
implies that whenever an admissible ideal I of A is generated by a family (xλ)λ∈Λ of elements of
A, there exists λ in Λ such that xλ is a nonzero divisor generating I. Indeed, the ideal I is an
invertible ideal in a local ring, hence is generated by some nonzero divisor x of A. For each λ in
Λ, we then have xλ = aλx for a unique element aλ of A. Moreover, we can write x as
∑
λ∈Λ bλxλ
for some family (bλ)λ∈Λ of elements of A, only finitely many of which being non zero. Since x is a
non zero divisor, we must have
∑
λ∈Λ aλbλ = 1. Since A is local, there exists λ in Λ such that aλ
is a unit, in which case xλ is a nonzero divisor generating I.
A structure theorem similar to ([Abb10] 1.9.4) holds in the general case:
Proposition 2.39. Let A be a Φ-local Φ-ring with maximal ideal n.
(i) The canonical homomorphism A→ A⊳ is injective.
(ii) The ring A⊳ is a local ring, and its maximal ideal m is contained in A. More precisely,
A⊳ is the localization of A at m.
(iii) An ideal of A is admissible if and only if it is generated by an element of A \m.
(iv) The ring A/m is a valuation subring of the field A⊳/m.
(v) We have
m =
⋂
s∈A\m
sn.
(vi) A is a normal Φ-ring.
(vii) Let I be a finitely generated ideal of A and let g be an element of A such that (I, g) is
admissible. Then I(A/m) ⊆ g(A/m) if and only if I ⊆ gA.
Let S be the subset of elements of A which generate an admissible ideal. Then S is a multi-
plicative subset of the set of nonzero divisors of A and any admissible ideal of A is equal to sA for
some element s of S. In particular we have
A⊳ ∼= colim
s∈S
HomA(sA,A)
∼
−→ colim
s∈S
s−1A
∼
−→ S−1A.
This proves in particular (i). Let us define
m =
⋂
s∈S
sn.
Then m is a proper ideal of A⊳ contained in A. We show that S = A \m.
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First, let a be an element of A \ m. Then there exists an element s of S such that a does not
belong to sn. The finitely generated ideal (s, a) is admissible, as it contains the admissible ideal
sA. Thus (s, a) is invertible, since A is Φ-local, and is in particular generated by either a or s, cf.
2.38. If (s, a) is generated by s, then a = bs for some b in A. But then b does not belong to n, so
it is a unit of A, and hence s = b−1a belongs to aA. If (s, a) is generated by a, it is also the case
that s belongs to aA. Thus aA contains the admissible ideal sA and is therefore admissible itself,
so that a belongs to S. Conversely, if a is an element of S, then a does not belong to an, and thus
a is in A \m.
This shows (iii) and that A⊳ is the localization of A at m, hence (ii) and (v). Moreover, for any
pair a, s of elements of A\m, the ideal (s, a) of A is admissible, hence it is generated by either a or
s, cf. 2.38. Thus, either a belongs to sA or s belongs to aA. This shows that A/m is a valuation
subring of the field A⊳/m, hence (iv).
In particular, A/m is integrally closed in A⊳/m, so that A is integrally closed in A⊳. Thus A is
a normal Φ-ring, hence (vi).
Let I be a finitely generated ideal of A and let g be an element of A such that (I, g) is admissible,
hence equal to sA for some element s of S. If we have the inclusion I(A/m) ⊆ g(A/m) then
s(A/m) ⊆ g(A/m) also holds, so that s = ag + b with a ∈ A and b ∈ m. Since m ⊆ sn we have
b = cs for some c ∈ n. Thus we have (1 − c)s = ag, and consequently s = (1 − c)−1ag, so that
(I, g) = sA is contained in gA. In particular, we have I ⊆ gA, hence (vii).
Remark 2.40. The datum of a Φ-local Φ-ring is the same as the datum of a local ring together
with a valuation subring of its residue field. The inverse construction is simply the following: given
a local ring B and a valuation subring R of its residue field, let A be the inverse image of R in B,
and declare an ideal of A to be admissible if it is generated by an element which is invertible in
B. Then A is a Φ-ring and A⊳ = B. Moreover, the valuation subring of the residue field of A⊳
produced by Proposition 2.39 is precisely R.
Construction 2.41. Let A be a local Φ-ring and let f : A → S be a local homomorphism from
A to a valuation ring S such that f(I)S 6= 0 for any admissible ideal I of A. Let us endow S with
the family of constructible supports generated by that of A. Then S is a Φ-local Φ-ring. Let m
be the maximal ideal of S⊳ (cf. 2.39) and let p be its inverse image in A⊳. The homomorphism
A⊳ → S⊳/m induced by f factors through an injective homomorphism from κ(p) = Frac(A⊳/p) to
S⊳/m. Let R ⊆ κ(p) be the inverse image of the valuation ring S/m under this homomorphism.
The pair (p, R) has the following properties:
(a) The ring R is a valuation ring, and the homomorphism A → κ(p) factors through a local
homomorphism A→ R.
(b) For any a ∈ κ(p) there is an admissible ideal I of A such that Ia ⊆ R.
(c) The prime ideal p contains no admissible ideal of A⊳.
(d) Let I be a finitely generated ideal of A and let g be an element of A such that (I, g) is
admissible. Then IR ⊆ gR if and only if IS ⊆ gS.
If a is a non zero element of R, then a or a−1 belongs to the valuation ring S/m, hence to R.
Thus R is a valuation ring. Since its maximal ideal is the inverse image of that of S/m, the local
homomorphism A→ S/m factors through a local homomorphism A→ R.
For any a ∈ κ(p), there is an admissible ideal I of A such that f(Ia)(S/m) ⊆ S/m. For such an
ideal I, we have Ia ⊆ R.
The maximal ideal m of S⊳ is the intersection of all f(I)n where I runs over the admissible
ideals of A, and where n is the maximal ideal of S. For any admissible ideal I of A, the invertible
12 QUENTIN GUIGNARD
ideal f(I)S is not contained in f(I)n, and is consequently not contained in m. In particular, the
ideal I is not contained in p.
Let I be a finitely generated ideal of A and let g be an element of A such that (I, g) is admissible.
Then IR ⊆ gR if and only if I(S/m) ⊆ g(S/m), if and only if IS ⊆ gS by 2.39 (vii).
3. Sheaves of Φ-rings
Let U be a universe ([SGA4], I.0). For any category C, we denote by U-C the full subcategory
of C whose objects are the objects of C which belong to U .
3.1. Let C be a U-site ([SGA4], II.3.0.2). A presheaf of Φ-rings on C (with respect to U) is a
contravariant functor from C to U-ΦRings. A presheaf of Φ-rings A (with respect to U) is a sheaf
of Φ-rings if for any Φ-ring B in U , the functor
U ∈ C 7→ HomΦRings(B,A(U))
is a sheaf of sets on C (with respect to U). We also define a morphism of sheaves of Φ-rings to be
a morphism of presheaves of Φ-rings between sheaves of Φ-rings. We henceforth omit references to
U when no confusion arise from the lack thereof.
This definition is a specialization of ([SGA4], II.6.1). Since the category ΦRings is complete 2.4,
a presheaf of Φ-rings on C is a sheaf of Φ-rings if and only if for any covering sieve S of an object
U of C, the natural morphism
A(U)→ lim
C/S
A(3.1.1)
is an isomorphism of Φ-rings ([SGA4], II.6.2).
Proposition 3.2. Let A be a presheaf of Φ-rings on C. Then A is a sheaf of Φ-rings if and only
if its underlying presheaf of sets is a sheaf and for each integer r the contravariant functor
Admr(A) : U 7→ {(fi)1≤i≤r ∈ A(U)
r | (fi)1≤i≤r generates an admissible ideal of A(U)}
is a sheaf of sets on C.
Indeed if A is a sheaf of Φ-rings then its underlying presheaf of rings is a sheaf since the forgetful
functor from ΦRings to the category of rings has a left adjoint by 2.5 and thus commutes with the
limit in 3.1.1. For each integer r, taking the Φ-ring B in the definition of a sheaf of Φ-rings to be
the polynomial ring Z[X1, . . . , Xr] endowed with the family of constructible supports generated by
the ideal (X1, . . . , Xr) yields that the presheaf Admr(A) is a sheaf of sets.
Conversely, let us assume that the presheaf of rings underlying A is a sheaf and that Admr(A) is
a sheaf for each integer r. For each covering sieve S of an object U of C, the natural homomorphism
A(U)→ lim
C/S
A(3.2.1)
is bijective since A is a sheaf of rings. Moreover an element (fi)1≤i≤r of A(U)r generates an
admissible ideal if and only if it generates an admissible ideal of A(V )r for each V → U in S, since
Admr(A) is a subsheaf of Ar. According to the description of limits in ΦRings given in the proof
of 2.4 the latter condition holds if and only if (fi) generates an admissible ideal of limC/S A. Thus
3.2.1 is an isomorphims of Φ-rings and A is a sheaf of Φ-rings.
Corollary 3.3. Let A be a presheaf of Φ-rings on C and let A˜ be the sheaf of rings associated
to its underlying presheaf of rings. Then there is a unique sheaf of Φ-rings with underlying sheaf
of rings A˜, such that for each r the sheaf Admr(A˜) (cf. 3.2) is the sheaf associated to Admr(A).
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Moreover the morphism A → A˜ is initial among the morphisms of presheaves of Φ-rings from A
to a sheaf of Φ-rings.
Let Admr(A˜) ⊆ A˜r be the sheaf associated to Admr(A). For any object U of C, let us declare
an ideal of A˜(U) admissible if it is generated by elements f1, . . . , fr such that (f1, . . . , fr) belongs
to Admr(A˜)(U).
Let r and s be integers and let us consider the morphism of presheaves of sets given by
αr,s : A
rs ×As → Ar
((aij)1≤i≤r,1≤j≤s, (gj)1≤j≤s) 7→
∑
j
aijgj

1≤i≤r
.
The fiber product α−1r,s(Admr(A)) = (A
rs×As)×Ar Admr(A) is a subobject of Ars×As contained
in Ars×Adms(A) since A is a presheaf of Φ-rings (cf. 2.1(2)). Since the “associated sheaf” functor
([SGA4], II.3.4) commutes with finite limits ([SGA4], II.4.1), we obtain that the morphism α˜r,s
between the associated sheaves of sets satisfies α˜−1r,s (Admr(A˜)) ⊆ A˜
rs×Adms(A˜). If U is an object
of C then this shows that the axiom 2.1(2) is satisfied for A˜(U) and that an element (f1, . . . , fr)
of A˜r(U) generates an admissible ideal if and only if it belongs to Admr(A˜)(U).
By considering
βr,s : Admr(A)×Adms(A)→ Admrs(A)
((fi)1≤i≤r, (gj)1≤j≤s) 7→ (figj)1≤i≤r,1≤j≤s
instead of αr,s and by taking the induced morphism between the associated sheaves of sets, one
obtains the axiom 2.1(1) as well. Thus we have endowed the sheaf of rings A˜ with a structure of
presheaf of Φ-rings. Since a local section (f1, . . . , fr) of A˜r generates an admissible ideal if and
only if it belongs to Admr(A˜), the notation Admr(A˜) is consistent with 3.2. For each r, Admr(A˜)
is a sheaf, hence A˜ is a sheaf of Φ-rings by Proposition 3.2.
Let A→ B be a morphism of presheaves of Φ-rings from A to a sheaf of Φ-rings. The underlying
morphism of presheaves of rings uniquely factors through the natural morphism A → A˜. Since
for each integer the morphism Ar → Br maps Admr(A) into Admr(B), the induced morphism
A˜r → Br maps Admr(A˜) into Admr(B) as well. Thus the morphism A˜ → B is a morphism of
sheaves of Φ-rings.
Corollary 3.4. Let A be a sheaf of Φ-rings on C, and let U be a sheaf of sets on C. Then the ring
Hom(U,A) is endowed with a family of constructible supports by declaring admissible any ideal of
Hom(U,A) which is generated by elements f1, . . . , fr such that (f1, . . . , fr) belongs to the subset
Hom(U,Admr(A)) of Hom(U,Ar) = Hom(U,A)r.
This follows from the proof of 3.3 by applying the limit preserving functor Hom(U, ·) to αr,s
and βr,s.
3.5. Let X be a topos. We define a Φ-ring of X to be a ring A in X together with a subobject
Admr(A) of Ar for each positive integer r, such that:
(1) For all U in X , the element 1 ∈ A(U) belongs to Adm1(A)(U). For all positive integers r, s,
for all (fi)1≤i≤r and (gj)1≤j≤s in Admr(A)(U) and Adms(A)(U) respectively, the element
(figj)1≤i≤r,1≤j≤s of A(U)
rs belongs to Admrs(A)(U).
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(2) For all U in X , for all positive integers r, s, and for all (fi)1≤i≤r in Admr(A)(U), any
element (gj)1≤j≤s of A(U)s such that
∑
i fiA(U) ⊆
∑
j gjA(U) belongs to Adms(A)(U).
We define a morphism of Φ-rings of X to be a ring homomorphism f : A→ B such that for each
positive integer r, the subobject f(Admr(A)) of Br is a subobject of Admr(B). This defines a
category ΦRingsX .
Proposition 3.6. Let C be a site and let C˜ be the topos of sheaves of sets on C. The functor
which associates to a sheaf of Φ-rings A on C the Φ-ring (A, (Admr(A))r≥0) in C˜ (cf. 3.2) is an
equivalence of categories.
This follows from 3.2 and 3.4.
3.7. Let f = (f∗, f−1) : X → Y be a morphism of toposes2. If A is a Φ-ring of X then setting
Admr(f∗A) = f∗(Admr(A)) gives f∗A the structure of a Φ-ring of Y . Similarly if B is a Φ-ring of
X then setting Admr(f−1B) = f−1Admr(B) gives f−1B the structure of a Φ-ring of Y , since the
functor f−1 commutes with finite limits.
In particular if A is a Φ-ring of X and x is a point of X , then the stalk Ax of A at x is defined
to be x−1A. It is a Φ-ring of the topos of sets, or in other words a Φ-ring. We have
Ax = colim(U,u)A(U),
in the category of Φ-rings, where the colimit is indexed by pairs (U, u) where U runs over the
members of a small generating family of X and u is an element of Ux = x−1U .
Proposition 3.8. The pair of functors (f∗, f−1) between the categories ΦRingsX and ΦRingsY is
a pair of adjoint functors.
This follows from the corresponding adjunction property of (f∗, f−1) between the categories X
and Y .
3.9. A Φ-ringed topos is a pair (X,OX) where X is a topos and OX is a Φ-ring of X (cf. 3.5).
We define a morphism of Φ-ringed topos from a Φ-ringed topos (X,OX) to an other one (Y,OY )
to be a morphism of toposes f = (f∗, f−1) : X → Y together with a morphism f ♯ : OY → f∗OX
(cf. 3.7) of Φ-rings in Y .
3.10. Let us recall that a ring A in a topos X is local if the natural morphism
A× ⊔ (1 +A×)→ A
is an epimorphism and if the limit of the diagram e 1−→ A 0←− e is the initial object of X3.
Proposition 3.11. Let (X,OX) be a ringed topos with enough points. Then OX is local if and
only if for each point x of X the stalk OX,x of OX at x (cf. 3.7) is a local ring.
This appears as an exercise in ([SGA4], IV.13.9). The proposition follows from the fact that a
ring A (in the punctual topos) is local if and only if for any element a of A, either a or 1 + a is
invertible, and if moreover 0 6= 1 in A.
Definition 3.12. A Φ-ringed topos (X,OX) (cf. 3.9) is locally Φ-ringed if the underlying ring of
OX is local. A morphism of locally Φ-ringed toposes is a morphism of Φ-ringed toposes (cf. 3.9)
which is also a morphism of locally ringed toposes ([SGA4], IV.13.9).
2We choose here the notation f−1 in order to avoid confusion with the pullback functor f∗ between categories
of modules, which is associated to a morphism a ringed toposes.
3The last condition, which can be reworded as “0 6= 1”, is missing from the definition of a local ring in a topos
which can be found in ([SGA4], IV.13.9)
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3.13. A Φ-ring A in a topos is Φ-local if the following three conditions are satisfied:
(1) The ring A is local (cf. 3.10).
(2) For all U in X , each element of Adm1(A)(U) is not a zero divisor in A(U).
(3) For each integer r the morphism
r∐
j=1
(
Adm1(A)×A
[1,r]\{j}
)
→ Admr(A)
(f, (ai)1≤i≤r,i6=j) 7→ (aif)1≤i≤r where aj = 1
is epimorphic.
Definition 3.14. A Φ-ringed topos (X,OX) is Φ-locally Φ-ringed if OX is Φ-local. A morphism of
Φ-locally Φ-ringed toposes is a morphism of locally Φ-ringed toposes (cf. 3.12) between Φ-locally
Φ-ringed toposes.
Proposition 3.15. Let (X,OX) be a Φ-ringed topos with enough points. Then (X,OX) is Φ-
locally Φ-ringed if and only if for each point x of X the stalk OX,x of OX at x (cf. 3.7) is a Φ-local
Φ-ring.
This follows from Proposition 3.11 and from the fact that a Φ-ring (in the punctual topos) is
Φ-local if and only if its underlying ring is local and if for any admissible ideal I = (f1, . . . , fr) of
A, there exists i such that fi generates I and is not a zero divisor.
3.16. Let us recall that we denote by ΦRingsX the category of Φ-rings of a topos X (cf. 3.5).
Definition 3.17. Let (X,OX) be a Φ-ringed topos. For d ≤ 2, an OX -module M is said to be
d-deep if for all U in X , the OX(U)-module M(U) is d-deep (cf. 2.14).
Proposition 3.18. Let d ≤ 2 and let (X,OX) be a ringed topos with enough points. Then an
OX-module M is d-deep if and only if all of its stalks are d-deep.
The case d = 0 is tautological. By 2.23 an OX -module M is 1-deep if and only if for each
integer r, the inverse image of the neutral suboject 0→Mr of Mr by the morphism
Admr(OX)×M→M
r
((fj)1≤j≤r ,m) 7→ (fjm)1≤j≤r
is a subobject of Admr(OX) × 0. This yields the proposition for d = 1. For d = 2, one rather
uses 2.19 and 2.24, which imply that a M is 2-deep if and only if for each integer r the natural
morphism
Admr(OX)×M→ lim
(
Admr(OX)×M
r
⇒Mr
2
)
((fj)1≤j≤r ,m) 7→ ((fj)1≤j≤r , (fjm)1≤j≤r)
is an isomorphism, where the transition morphisms in the limit are given by ((fj)j , (mj)j) 7→
(fimj)i,j and ((fj)j , (mj)j) 7→ (fjmi)i,j .
Definition 3.19. Let X be a topos. For d ≤ 2 we define the category ΦRings≥dX of d-deep Φ-rings
to be the full subcategory of ΦRingsX whose objects are the Φ-rings A which are d-deep as modules
over themselves.
Proposition 3.20. Let d ≤ 2 be an integer, and let A be a presheaf of Φ-rings on a site C such
that A(U) is d-deep for any object U of C. Then the sheaf of Φ-rings associated to A (cf. 3.3) is
a d-deep Φ-ring in the topos of sheaves of sets on C.
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This follows from the characterizations of d-deep modules in a Φ-ringed topos given in the proof
of the proposition 3.18.
Proposition 3.21. Let X be a topos. The canonical inclusion functor from ΦRings≥1X to ΦRingsX
admits a left adjoint. We call this left adjoint the purification functor and we denote it by
A 7→ Apur.
Let C be a site such that X is (equivalent to) the topos of sheaves of sets on C (e.g. the canonical
site of X). By 3.6 the category ΦRingsX is isomorphic to the category of sheaves of Φ-rings on
C. A sheaf of Φ-rings A on C corresponds to a 1-deep Φ-ring object in X if and only if for each
object U of C the Φ-ring A(U) is 1-deep. Thus the functor which associated to a sheaf of Φ-rings
A on C the sheaf associates to the presheaf of Φ-rings U 7→ A(U)pur (cf. 3.3 and 3.20) defines a
left adjoint to the canonical inclusion functor.
Proposition 3.22. Let X be a topos. The canonical inclusion functor from ΦRings≥2X to ΦRingsX
admits a left adjoint. We call it the closure functor and we denote it by A 7→ A⊳.
This is proved similarly as 3.21 using the closure functor on Φ-rings instead of the purification
functor.
Proposition 3.23. Let X be a topos, let x be a point of X and let A be a Φ-ring of X. Then
(A⊳)x ∼= (Ax)⊳ and (Apur)x ∼= (Ax)pur.
This follows from the proofs of 3.21 and 3.22 since the purification and closure functors on
Φ-rings have right adjoints and thus commute with filtered colimits.
4. Valuative spaces as Φ-localizations
Let X be a locally Φ-ringed topological space (cf. 3.12).
4.1. We define the relative valuative spectrum X˜ of X to be the set of triples x˜ = (x, p, R), where
x is a point of X , p is a prime ideal of O⊳X,x (cf. 3.22, 3.23) which does not contain an admissible
ideal of O⊳X,x and R is a valuation subring of κ(p) = Frac(O
⊳
X,x/p), such that the following two
conditions are satisfied:
(a) The homomorphism OX,x → κ(p) factors through a local homomorphism OX,x → R.
(b) For any a ∈ κ(p) there is an admissible ideal I of OX,x satisfying Ia ⊆ R.
If x˜ = (x, p, R) is a point of X˜, we write Γ(x˜) = κ(p)×/R×, and Γ(x˜)+ = Γ(x˜) ⊔ {0}. The
multiplicative valuation on O⊳X,x associated to R is a multiplicative map O
⊳
X,x → Γ(x˜)+ denoted
by f 7→ |f(x˜)|.
Remark 4.2. Here and hereafter we use the term “valuation” as a synonym for “higher-rank norm”.
One recovers the usual notion of valuation by reversing the order on Γ(x˜)+ and by relabelling
0 ∈ Γ(x˜)+ as ∞.
4.3. Let π : X˜ → X be the map (x, p, R) 7→ x. If U is an open subset of X , I is a finitely
generated ideal of Γ(U,OX) and g is an element of Γ(U,OX) such that (I, g) is an admissible ideal
of Γ(U,OX) then we set
U
(
g−1I
)
= {x˜ ∈ π−1(U) | |I(x˜)| ≤ |g(x˜)|}.
Here, by |I(x˜)| we denote the maximum of |f(x˜)| where f runs over all elements of I; this is equal
to max(|fi(x˜)|)ri=1 whenever I is generated by f1, . . . , fr. We endow X˜ with the topology generated
by subsets of the form U
(
g−1I
)
.
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Proposition 4.4. The map π is continuous and its image is equal to the support of the sheaf O⊳X ,
or equivalently of its subsheaf of rings OpurX .
Since OpurX is a subsheaf of rings of O
⊳
X , its support is equal to the support of O
⊳
X . For any open
subset U of X , the inverse image π−1(U) = U(1−1Γ(U,OX)) is open in X˜, hence the continuity of
π. Next we notice that if O⊳X,x vanishes then this ring has no prime ideals, so that π
−1(x) is empty.
Let x be a point of X such that O⊳X,x is nonzero, and let p
′ be a minimal prime ideal of O⊳X,x.
Were p′ to contain an admissible ideal I of O⊳X,x, this finitely generated ideal would be nilpotent
in the localization (O⊳X,x)p′ and we would obtain an element f of O
⊳
X,x \ p
′ and an integer N such
that fIN = 0, which would contradict the fact that O⊳X,x is 1-deep. Thus p
′ does not contain any
admissible ideal of O⊳X,x. Let R
′ be a valuation subring of κ(p′) dominating the image of OX,x.
The construction 2.41 applied to the local homomorphism OX,x → R′ yields a pair (p, R) such
that (x, p, R) belongs to X˜, and therefore the fiber π−1({x}) is not empty.
4.5. Let us consider the following sheaf of monoids on X˜ :
S : U 7→ S(U) = {s ∈ Γ(U, π−1O⊳X) | ∀x˜ ∈ U, |s(x˜)| > 0}.
We define O⊳
X˜
to be the sheafification of the presheaf of rings U 7→ S(U)−1Γ(U, π−1O⊳X).
Proposition 4.6. Let x˜ = (x, p, R) be a point of X˜. The stalk O⊳
X˜,x˜
of O⊳
X˜
at x˜ is the localization
at p of O⊳X,x.
The stalk at x˜ of the presheaf given by U 7→ S(U)−1Γ(U, π−1O⊳X) is canonically isomorphic
to S−1x˜ O
⊳
X,x where Sx˜ is the stalk at x˜ of the sheaf S. If |s(x˜)| > 0 for a section s of O
⊳
X˜
on
a neighbourhood U of x then up to shrinking U if necessary we have |s(x˜)| ≥ |I(x˜)| for some
admissible ideal I of Γ(U,OX) by 4.1(b), and thus s is a section of S on the open set {y˜ ∈
π−1(U) | |I(y˜)| ≤ |s(y˜)|}. We thus have
Sx˜ = {s ∈ O
⊳
X,x | |s(x˜)| > 0}.
Since Sx˜ is the complement of p we obtain O⊳
X˜,x˜
∼= (O⊳X,x)p.
For each point x˜ of X˜, the valuation | · (x˜)| on O⊳X,x extends uniquely to its localization O
⊳
X˜,x˜
.
This allows us to consider the subsheaf O
X˜
of O⊳
X˜
defined as follows:
O
X˜
: U 7→ O
X˜
(U) = {f ∈ O⊳
X˜
(U) | ∀x˜ ∈ U, |f(x˜)| ≤ 1}.
We endow O
X˜
with a structure of a presheaf of Φ-rings by declaring a finitely generated I of
O
X˜
(U) to be admissible whenever |I(x˜)| > 0 at each point x˜ of U . Then O
X˜
is a sheaf of Φ-rings
on X˜ by 3.2.
Proposition 4.7. Let x˜ = (x, p, R) be a point of X˜.
(i) The stalk O
X˜,x˜
of O
X˜
at x˜ is the inverse image of R ⊆ κ(p) in O⊳
X˜,x˜
.
(ii) The stalk O
X˜,x˜
is a Φ-local Φ-ring with residual valuation ring R (cf. 2.39).
The stalk O
X˜,x˜
is the preimage of R under the canonical surjective homomorphism (O⊳X,x)p →
κ(p), and a finitely generated ideal I of O
X˜,x˜
is admissible if and only if |I(x˜)| > 0, i.e. if and only
if I is generated by an element which is invertible in (O⊳X,x)p. By 2.40 one concludes that OX˜,x˜ is
a Φ-local Φ-ring.
Corollary 4.8. The canonical morphism (O
X˜
)⊳ → O⊳
X˜
of Φ-rings is an isomorphism.
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This follows from 3.23 and 4.7.
Definition 4.9. The Φ-localization of a locally Φ-ringed topological space X is the Φ-locally
Φ-ringed topological space X˜ endowed with the sheaf of Φ-rings O
X˜
.
4.10. The canonical morphism π−1OX → O⊳
X˜
uniquely factors through a morphism of sheaves of
Φ-rings from π−1OX to OX˜ . This provides π with the structure of a morphism of locally Φ-ringed
topological spaces (cf. 4.7). Moreover the source X˜ of π is Φ-locally Φ-ringed by 4.7.
Proposition 4.11. The morphism π : X˜ → X is terminal among morphisms of locally Φ-ringed
topological spaces from a Φ-locally Φ-ringed topological space to X, and hence is an isomorphism
if the stalks of OX are Φ-local. In particular, the assignment X 7→ X˜ is functorial and provides a
right adjoint to the canonical inclusion functor from Φ-locally Φ-ringed topological spaces to locally
Φ-ringed topological spaces.
Let us consider a morphism ϕ : Y → X of locally Φ-ringed topological spaces such that the
stalks of OY are Φ-local Φ-rings. For each point y of Y we denote by f 7→ |f(y)| the valuation on
O⊳Y,y associated to its residual valuation ring (cf. 2.39).
We first construct a map ϕ˜ : Y → X˜ such that πϕ˜ = ϕ. Let y be a point of Y and consider the
morphism of Φ-rings OX,ϕ(y) → OY,y. Let my be the maximal ideal of O⊳Y,y, and let (p, R) be the
pair obtained from the local homomorphism OX,ϕ(y) → OY,y/my by the construction 2.41. We set
ϕ˜(y) = (ϕ(y), p, R).
The map ϕ˜ is continuous. Indeed if I = (f1, . . . , fr) is an admissible ideal of OX(U) and if g
is an element of OX(U) then for each y ∈ π−1(U) we have |ϕ−1I(y)| ≤ |ϕ−1g(y)| if and only if
|I(ϕ˜(y))| ≤ |g(ϕ˜(y))| (cf. 2.41(d)). We thus have
ϕ˜−1
(
U(g−1I)
)
= {y ∈ ϕ−1(U) | |ϕ−1I(y)| ≤ |ϕ−1g(y)|}.
This is an open subset of Y since if y is one of its points then fi = aig for some elements a1, . . . , ar
of OY,y (cf. 2.39), so that IOV ⊆ gOV for some open neighbourhood V of y in ϕ−1(U).
Let us consider the homomorphism
ϕ˜−1π−1O⊳X
∼
−→ ϕ−1O⊳X → O
⊳
Y .
This homomorphism sends the subsheaf of monoids ϕ˜−1S (cf. 4.5) into the sheaf of invertible ele-
ments of O⊳Y,y (cf. 2.39), so that it uniquely factors though a local homomorphism ϕ˜
−1O⊳
X˜
→ O⊳Y .
Moreovever the image of ϕ˜−1O
X˜
is contained in the subsheaf OY,y, so that we obtain a morphism
ϕ˜−1O
X˜
→ OY which endows ϕ˜ with a structure of morphism of locally Φ-ringed topological spaces.
4.12. We assume for the remainder of this section that the locally ringed topological space un-
derlying X is a scheme. We make the following two definitions:
⊲ A quasi-coherent ideal I ⊆ OX is admissible if for any affine open subscheme V ⊆ X ,
the ideal I(V ) is admissible in the Φ-ring OX(V ).
⊲ An admissible blow-up X ′ → X is the blow-up of X along a closed subscheme defined
by an admissible quasi-coherent ideal sheaf.
Let π : X˜ → X be the Φ-localization of X (cf. 4.9). Let I be an admissible quasi-coherent ideal
sheaf onX , and let V be an affine open subset ofX . Then I(V ) = (f1, . . . , fr) is an admissible ideal
in OX(V ). Hence I(V ) becomes invertible on π−1(V ). More precisely, we have the decomposition
by 2.39
π−1(V ) =
r⋃
i=1
V (f−1i I(V )),
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and the restriction of IO
X˜
to V (f−1i I(V )) is freely generated by fi. Thus IOX˜ is a locally free
O
X˜
-module of rank 1. In particular if we denote by XI the blow-up in X of the closed subscheme
defined by I, then from the universal property of the blow-up we obtain a unique factorisation
X˜ → XI → X of π.4 This yields a morphism
(4.12.1) X˜ → lim
X′→X
X ′
of locally Φ-ringed topological spaces, where the limit runs over the category of admissible blow-
ups of X . The latter category is cofiltered; indeed it is non empty since the identity from X to
itself is an admissible blow-up, any pair XI , XJ of admissible blow-ups of X is dominated by the
admissible blow-up XIJ and there are no pair of distinct parallel arrows since for any morphism of
schemes f : X ′ → X , the universal property of the blow-up ensures that there exists a morphism
of X-schemes from X ′ to XI if and only if f∗I is invertible, in which case there exists a unique
such morphism.
The limit (4.12.1) of locally Φ-ringed topological spaces is given by taking the corresponding limit
in the category of locally ringed topological spaces, and by declaring the canonical isomorphism of
its structure sheaf with the colimit
colimf :X′→X f
−1OX′
to be an isomorphism of sheaves of Φ-rings.
Theorem 4.13. Assume that X is quasi-compact and quasi-separated and that there exists a quasi-
compact open subscheme U ⊆ X such that for any open subset V ⊆ X, a finitely generated ideal I
of OX(V ) is admissible if and only if IOU∩V = OU∩V . Then the canonical morphism
X˜ → lim
X′→X
X ′
from X˜ to the inverse limit of the admissible blow-ups of X is an isomorphism of locally Φ-ringed
topological spaces. In particular X˜ is quasi-compact and is even a spectral space, cf. ([SP] 0A2V,
0A2Z)
For any admissible blow-up f : X ′ → X we endow X ′ with the unique structure of locally
Φ-ringed topological space such that for any open subset V ⊆ X ′, a finitely generated ideal I of
OX′(V ) is admissible if and only if IOf−1(U)∩V = Of−1(U)∩V .
In order to prove 4.13, it is sufficient to show that the limit in (4.12.1), which is a locally Φ-ringed
topological space, is actually Φ-locally Φ-ringed. Indeed, a morphism from a Φ-locally Φ-ringed
topological space to X uniquely factors through the limit in (4.12.1) by the universal property
of the blow-up, hence if the latter is Φ-locally Φ-ringed then it is terminal among morphisms of
locally Φ-ringed topological spaces from a Φ-locally Φ-ringed topological space to X , so that the
canonical morphism (4.12.1) is an isomorphism by virtue of 4.11.
Let us therefore prove that the limit in (4.12.1) is Φ-locally Φ-ringed. Let x = (xI)I be a point
on this limit. The stalk of the structure sheaf at x is the colimit of I 7→ OXI ,xI where the index I
runs over all admissible quasi-coherent ideal sheaves on X . Let J be an admissible ideal of OXI ,xI .
We must show that JOXIK,xIK is an invertible ideal for some admissible quasi-coherent ideal sheaf
K.
We first prove that there exists an admissible quasi-coherent ideal sheaf J on XI such that
JxI = J . The ideal J is the stalk at xI of an admissible quasi-coherent ideal sheaf J0 on an
open neighbourhood V of xI in XI . Since J0OU∩V = OU∩V where U denotes the (isomorphic)
4The universal property of the blow-up, while usually stated in the category of schemes, also holds in the larger
category of locally ringed topological spaces
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inverse image of U in XI , there exists a unique quasi-coherent ideal sheaf J1 on U ∪ V such that
J1|U = OU and J1|V = J0. Since XI and U are quasi-compact, there exists by ([EGA1], 9.4.7) a
quasi-coherent ideal sheaf J of finite type onXI such that J|U∪V = J1. The condition JOU = OU
implies that J is admissible.
By ([RG71], I.5.1.4) the composition of blow-ups (XI)J → X is isomorphic to the blow-up of
an admissible quasi-coherent ideal sheaf K on X . Thus JOXIK,xIK is an invertible ideal and we
have shown that the stalks of the structure sheaf of the limit appearing in (4.12.1) are Φ-local
Φ-rings. As explained above, this together with 4.11 and the universal property of the blow-up
concludes the proof of Theorem 4.13.
5. The flattening property of Φ-localizations
5.1. If M is a module over a valuation ring R then M is R-flat if and only if for any nonzero
element r of R the module M has no nonzero r-torsion, see ([Bou98], VI §3.6 Lemme 1) or ([SP]
0539). We generalize this fact to modules over Φ-local Φ-rings:
Proposition 5.2. Let A be a Φ-local Φ-ring, and let M be a A-module. The following are equiv-
alent:
(i) The A-module M is flat.
(ii) The A⊳-module M⊳ =M ⊗A A⊳ is flat, and the map M →M⊳ is injective.
We have (i) =⇒ (ii), since A is 1-deep by 2.39. We thus focus on the converse implication. We
use the equational criterion of flatness, see ([Bou98], I §2.11 Corollaire 1) or ([SP] 00HK). Namely,
given a relation
∑
d∈D adxd = 0 with ad in A and xd in M , for some finite set D, we would like to
show that this relation is trivial, in the sense that we can find relations of the form
xd =
∑
e∈E
bdeye,
such that
∑
d∈D adbde = 0 for any e. We proceed by induction on the cardinality of D, the case
D = ∅ being empty.
First, assume that we have a relation of the form
∑
d∈D adcd = 0, where (cd)d∈D ⊆ A and
cd0 = 1 for some d0 in D. We then have∑
d∈D\{d0}
ad(xd − cdxd0) =
∑
d∈D
ad(xd − cdxd0) = 0.
Since this relation has fewer terms than the original one, the induction hypothesis ensures that we
can find relations
xd − cdxd0 =
∑
e∈E
bdeye
with
∑
d∈D\{d0}
adbde = 0 for any e. We set E′ = E ⊔ {⋆}, y⋆ = xd0 , bd0e = 0 for all e ∈ E, and
bd⋆ = cd for all d ∈ D, so that bd0⋆ = 1. We then have
xd =
∑
e∈E′
bdeye,
for any d in D, and
∑
d∈D adbde = 0 for any e in E
′. Thus our relation is trivial.
Let us now assume that the previous case does not happen. Since M⊳ is flat over A⊳, our
relation is trivial in M⊳, hence we can find relations
xd =
∑
e∈E
bdeye,
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such that
∑
d∈D adbde = 0 for any e, with ye in M . Here the coefficients bde are elements of A
⊳,
hence it is sufficient for our purpose to show that they belong to A.
Actually, we have the stronger result that for all (d, e) ∈ D×E, the element bde belongs to the
maximal ideal of A⊳. Indeed, if it were not the case, then, for some e0 ∈ E, the ideal generated by
(bde0)d∈D would not be contained in the maximal ideal of A
⊳. We would then have an element s
of A, invertible in A⊳, such that all the sbde0 belong to A. The ideal of A generated by the family
(sbde0)d∈D would then be admissible, hence generated by sbd0e0 for some d0 in D. This would
imply that sbde0 = cdsbd0e0 for some cd in A, with cd0 = 1, and the relation
∑
d∈D adbde0 = 0
would yield
∑
d∈D adcd = 0. This is a contradiction.
The following lemma is both a consequence and a generalization of ([SP] 053E):
Proposition 5.3. Let A be a Φ-local Φ-ring, let A → B be a ring homomorphism of finite type,
and let M be a B-module of finite type. If M is flat over A, and if M ⊗AA⊳ is a finitely presented
B ⊗A A⊳-module, then M is a finitely presented B-module.
Since M is a B-module of finite type, we can find an exact sequence
0→ K → B⊕r →M → 0.
Let m be the maximal ideal of A⊳, which is contained in A by 2.39 (ii), and let S = A \ m. Since
M is flat over A, the following exact sequence is still exact:
0→ K/mK → (B/mB)⊕r →M/mM → 0.
By ([SP] 053E), the kernel K/mK is a finitely generated B/mB-module. Thus there is a finite
subset S of K such that K = BS+mK. But we also have an exact sequence
0→ S−1K →
(
S−1B
)⊕r
→ S−1M → 0,
and since by hypothesis S−1M =M⊗AA⊳ is a finitely presented module over S−1B = B⊗AA⊳, the
kernel S−1K is a finitely generated S−1B-module. Thus, by enlarging S if necessary, we can also
assume that S−1K = S−1BS. We claim that K = BS. Indeed, the relations S−1K = S−1BS
and m = S−1m imply
mK = mS−1K = mS−1BS = mBS,
so that
K = BS+mK = BS+mBS = BS.
In particular, K is a finitely generated B-module, and consequently M is a finitely presented
B-module.
Corollary 5.4. Let A be a Φ-local Φ-ring, let A → B be a ring homomorphism of finite type. If
B is flat over A, and if B ⊗A A⊳ is a finitely presented A⊳-algebra, then B is a finitely presented
A-algebra.
Indeed, if we choose a surjection B′ = A[X1, . . . , Xn]→ B, then B is flat over A, and B ⊗A A⊳
is a finitely presented B′⊗AA⊳-module since B⊗AA⊳ is a finitely presented A⊳-algebra. Thus, by
5.3, we conclude that B is a finitely presented B′-module, and thus that B is a finitely presented
A-algebra.
5.5. Let (X,OX) be a ringed topological space. A commutative OX -algebra A is said to be
finitely presented if for any point x of X there exists an open neighbourhood U of x in X and an
isomorphism
AU ⊗Γ(U,OX) OU → A|U ,
of OU -algebras, for some finitely presented Γ(U,OX)-algebra AU .
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Proposition 5.6. Let (X,OX) be a ringed topological space, let A be finitely presented commutative
OX-algebra, and let G be a finitely presented A-module. Let x be a point of X such that the stalk
Mx is a flat OX,x-module. Then there exists an open neighbourhood U of x such that the restriction
M|U is a flat OU -module.
Up to replacing X by some open neighbourhood of x in X , we can assume (and we do) that A
is of the form A⊗Γ(X,OX) OX , for some finitely presented Γ(X,OX)-algebra A, and that we have
a global presentation
A⊕m
ϕ
−→ A⊕n →M→ 0.
For any integer j between 1 and m, let (ai,j)ni=1 be the image by ϕ of the j-th basis vector. Each
ai,j belongs to Γ(X,A). Let V be an open neighbourhood of x in X such that each restriction
ai,j|V is the image in Γ(V,A) of an element bi,j of the finitely presented Γ(V,OX)-algebra AV =
A ⊗Γ(X,OX) Γ(V,OX). Let MV be the cokernel of the matrix (bi,j)i,j . It is a finitely presented
AV -module, and we have an isomorphism
MV ⊗AV A|V →M|V ,
ofA|V -modules. For each open neighbourhood U of x in V , the Γ(U,OX)-algebraAU = AV⊗Γ(V,OX)
Γ(U,OX) is finitely presented, and the AU -module MU =MV ⊗AV AU is finitely presented. More-
over, by hypothesis the filtered colimit
colimUMU ∼=Mx,
where U runs over the cofiltered set of open neighbourhood of x in V , is a flat module over the
colimit
colimUΓ(U,OX) = OX,x.
By ([SP] 02JO(3)), this implies that there exists an open neighbourhood U of x in V such that
MU is a flat Γ(U,OX)-module. In particular, the OU -module
M|U ∼=MU ⊗AU A|U ∼=MU ⊗Γ(U,OX) OU ,
is flat, hence the conclusion of Proposition 5.6.
5.7. Let X be a Φ-ringed topological space, and let F be an OX -module. We define the closure
F⊳ of F to be the tensor product F ⊗OX O
⊳
X and the purification F
pur of F to be the subsheaf
of F⊳ generated by the image of F .
Theorem 5.8. Let X be a locally Φ-ringed topological space with the Φ-localization π : X˜ → X
(cf. 4.9), and let F be an OX -module such that F⊳ is a flat O⊳X-module (cf. 5.7). Then (π
∗F)pur
is a flat O
X˜
-module.
The stalk of (π∗F)pur at a point x˜ = (x, p, R) of X˜ is the purification of Fx ⊗OX,x OX˜,x˜. Since
(π∗F)⊳x˜
∼= (F⊳x)p is a flat module over O
⊳
X˜,x˜
∼= (O⊳X,x)p (cf. 4.7), one concludes by 5.2 that (π
∗F)purx˜
is flat over the Φ-local Φ-ring O
X˜,x˜
.
Theorem 5.9. Let X be a locally Φ-ringed topological space with the Φ-localization π : X˜ → X (cf.
4.9). Let A be a finitely presented commutative OX-algebra (cf. 5.5) and let F be an A-module of
finite type such that F⊳ is finitely presented as an A⊳-module and flat as an O⊳X-module (cf. 5.7).
Then (π∗F)pur is finitely presented as a π∗A-module and flat as an O
X˜
-module.
By using 5.8 and replacing X with X˜ it is sufficient for the purpose of proving 5.9 to show the
following:
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Proposition 5.10. Let X be a Φ-locally Φ-ringed topological space. Let A be a finitely presented
commutative OX-algebra (cf. 5.5) and let F be an A-module of finite type such that F⊳ is finitely
presented as an A⊳-module and F is flat as an OX -module. Then F is finitely presented as an
A-module.
Let x be a point of X . Let U be an open neighbourhood of x such that there exists a surjective
homomorphism ψ : A⊕n|U → F|U . The A
⊳
|U -module F
⊳
|U is finitely presented, and by ([SP] 01BP)
this implies that the A⊳|U -module (kerψ)
⊳ is of finite type. By 5.3, the Ax-module Fx is finitely
presented, and hence the stalk of kerψ at x is a finitely generated Ax-module. Thus up to shrinking
U if necessary there exists a finitely generated sub-module H ⊆ kerψ such that Hx = (kerψ)x and
H⊳ = (kerψ)⊳. Let G be the quotient of A⊕n|U by H. Then G is a finitely presented A|U -module and
we have a surjective homomorphism G → F such that Gx ∼= Fx and G⊳ ∼= F⊳. Moreover, G and
F have the same image in F⊳, so that F is the purification of G. Since A|U is a finitely presented
OU -algebra, since Gx is a flat OX,x-module and since G is a finitely presented A|U -module, we
conclude by Proposition 5.6 that there exists an open neighbourhood V ⊆ U of x such that G|V
is a flat OV -module. In particular G|V is isomorphic to its purification F|V , so that F|V is finitely
presented as an A|V -module.
6. Proof of Raynaud-Gruson’s theorem
6.1. We first prove the following variant of Raynaud-Gruson’s theorem 1.1:
Theorem 6.2. Let X be quasi-compact and quasi-separated scheme and let U be a quasi-compact
open subset of X. Let A be a (quasi-coherent) finitely presented commutative OX-algebra and let
F be a quasi-coherent A-module of finite type. Assume that F|U is finitely presented over A|U and
flat over OU . Then there exists a blow-up f : X ′ → X such that:
(1) The center of f is a finitely presented closed subscheme of X, disjoint from U .
(2) The strict transform F ′ of F along f is finitely presented over f∗A and flat over OX′ .
Since X is quasi-compact and quasi-separated and U is quasi-compact, the complement of U is
the closed subscheme defined by a finitely generated quasi-coherent ideal sheaf J on X : indeed,
the quasi-coherent ideal defining this complement with its reduced structure is a filtered union of
the family (Jλ)λ∈Λ of its finitely generated quasi-coherent subsheaves by ([EGA1], 6.9.9), hence
the quasi-compact open subset U is the filtered union of the open subsets (X \ V (Jλ))λ∈Λ, and
thus U is equal to X \ V (Jλ) for some λ. Let f : X ′ → X be the blowing-up of X along J . For
any blow-up g : X ′′ → X ′ whose center is a finitely presented closed subscheme of X ′ disjoint from
f−1(U), the composition fg is a blow-up whose center is a finitely presented closed subscheme of
X disjoint from U , cf. ([RG71], I.5.1.4). Hence by replacing X with X ′, we can assume (and we
do) that J is invertible.
We endow X with the structure of a locally Φ-ringed topological space by declaring for any open
subset V ⊆ X a finitely generated ideal I of OX(V ) to be admissible whenever IOU∩V = OU∩V .
Since J is invertible we have O⊳X = colimN>0 J
−N = j∗OU where j : U → X is the canonical
inclusion. In particular the assumptions of Theorem 6.2 imply that F⊳ = colimN>0 F ⊗OX J
−N
is flat over O⊳X = colimN>0J
−N and finitely presented over A⊳ = colimN>0 A⊗OX J
−N .
Let π : X˜ → X be the Φ-localization of X . By ([EGA1], 6.9.10) applied to the relative spectrum
ofA, there exists a finitely presentedA-module G together with a surjective homomorphism G → F .
By Theorem 5.9 the π∗A-module (π∗F)pur is finitely presented, hence the kernel K of the surjective
homomorphism π∗G → (π∗F)pur is of finite type.
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By 4.13 we have an isomorphism of locally Φ-ringed topological spaces
X˜ → lim
X′→X
X ′
from X˜ to the inverse limit of the admissible blow-ups of X (cf. 4.12). We endow each blow-up g :
X ′ → X with the structure of a locally Φ-ringed topological space by declaring for any open subset
V ⊆ X ′ a finitely generated ideal I of OX′(V ) to be admissible whenever IOg−1(U)∩V = Og−1(U)∩V .
Since K is a π∗A-module of finite type, there exists a factorization X˜ π
′
−→ X ′
f
−→ X of π through
an admissible blow-up and a finitely generated sub-f∗A-module K′ of Ker(f∗G → (f∗F)pur) such
that the image of π′∗K′ in π∗G is equal to K.
Let us consider the finitely presented f∗A-module G′ = f∗G/K′. We have π′∗G′ ∼= (π∗F)pur,
hence an isomorphism (π′∗G′)⊳ ∼= (π∗F)⊳. By 4.4 and 4.6, the morphism of ringed space
(X˜,O⊳
X˜
)→ (X ′,O⊳X′)
is flat and surjective, hence we deduce that the canonical homomorphism G′⊳ → (f∗F)⊳ is an
isomorphism. Since the homomorphism G′ → f∗F is surjective, we obtain that the purification
of G′ is isomorphic to (f∗F)pur. More generally, for any admissible blow-up X ′′
f ′
−→ X ′, the
purification of f ′∗G′ is isomorphic to (f ′∗f∗F)pur.
For each admissible blow-up X ′′
f ′
−→ X ′
f
−→ X , the set of points x′′ of X ′′ such that f ′∗G′x′′ is flat
over OX′′,x′′ is an open subset Uf ′ of X ′′ by ([SP], 0399(2)). The OX˜ -module π
′∗G′ ∼= (π∗F)pur is
flat by Theorem 5.9, hence by ([SP] 02JO(3)), any point of X˜ is in the inverse image of Uf ′ for some
f ′. Since X˜ is quasi-compact by Theorem 4.13, we can find f ′ as above such that the inverse image
of Uf ′ in X˜ is X˜ . By ([SP], 0A2W(1)) we can assume up to taking a further refinement of f ′ that
we have Uf ′ = X ′′. Since f ′∗G′ is flat over OX′′ , it must coincide with its purification (f ′∗f∗F)pur.
In particular the strict transform (f ′∗f∗F)pur of F on X ′′ is flat over OX′′ and finitely presented
over f ′∗f∗A. This concludes the proof of 6.2.
6.3. We now prove Raynaud-Gruson’s theorem 1.1. Let g : Y → X,U and F be as in the
statement of the theorem. Let (Xλ)λ∈Λ and (Yλ)λ∈Λ be covers of X and Y by finitely many affine
open subsets such that for each λ ∈ Λ, we have g(Yλ) ⊆ Xλ. Then for each λ ∈ Λ, Theorem 6.2
yields a finitely generated quasi-coherent ideal sheaf Jλ ⊆ OXλ such that V (Jλ) is disjoint from
U ∩Xλ and such that the blow-up Jλ has the desired flattening property with respect to the affine
morphism Yλ → Xλ and F|Yλ .
Since JλOU∩Xλ = OU∩Xλ , there exists a unique quasi-coherent ideal sheaf J
′
λ on U ∪Xλ such
that J ′λ|U = OU and J
′
λ|Xλ
= Jλ. Since X and U ∪Xλ are quasi-compact, there exists by ([EGA1],
9.4.7) a quasi-coherent ideal sheaf Iλ of finite type on X such that Iλ|U∪Xλ = J
′
λ. The blow-up of∏
λ∈Λ Iλ then satisfies the conclusion of Theorem 1.1.
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